Abstract. We prove that the numerical range W (N ) of an arbitrary nilpotent operator N on a complex Hilbert space H is a circle (open or closed) with center at 0 and radius not exceeding N cos
The purpose of this note is to describe the numerical range of a nilpotent operator on a Hilbert space.
Let H be a complex Hilbert space, with inner product , , and denote by B (H) the algebra of bounded linear operators on H. The numerical range W (T ) of an operator T ∈ B (H) is defined by
where (H) 1 = {x ∈ H : x = 1} is the unit sphere in H. The numerical radius w (T ) of an operator T ∈ B (H) is given by w (T ) = sup {|λ| : λ ∈ W (T )} .
Haagerup and Harpe [HH] proved the following sharp estimate for the numerical radius of a nilpotent operator N ∈ B (H) :
where n is the power of nilpotency of N. By the Toeplitz-Hausdorff theorem (see [H, GR] ) the numerical range W (N ) is convex. Then, to prove that W (N ) is a disk centered at zero, it suffices to show its circularity, i.e., that each point λ is contained in W (N ) with the whole circle |z| = |λ| , which is essentially contained in the paper [LT] by Li and Tsing. The present paper presents a new proof of this known result; namely, we give a different proof of circularity of W (T ) using the Sz.-Nagy-Foiaş model.
The main result of the paper is As noticed already, by the Toeplitz-Hausdorff theorem and by the inequality (1) of Haagerup and Harpe, it remains to establish circularity of W (N ) , which will be done using the Sz.-Nagy-Foiaş model.
Let us recall that the characteristic function Θ T of the contraction T ∈ B (H) is defined by
where
and the series is norm convergent. Let E 1 and E 2 be Hilbert spaces, B (E 1 , E 2 ) the space of bounded linear operators from E 1 to E 2 , and H ∞ (B (E 1 , E 2 )) the space of bounded analytic functions on the unit disk
A function that is inner and * −inner simultaneously is called a two-sided inner function, where I Ei is an identity operator in [SF] to be of class C 0 if T is completely nonunitary and there is a nonzero function f in H ∞ such that f (T ) = 0. Then there is a unique (up to a constant factor of modulus one) nonconstant inner function u, called the minimal function of T, such that u (T ) = 0. It is a well-known result of Sz.-Nagy and Foiaş [SF] that each T ∈ C 0 is unitary equivalent to its model operator M Θ = P Θ S E |K Θ , acting on the model space
is the characteristic function of the contraction T (a two-sided inner function); E is a Hilbert space
∞ is its minimal function, then by the theorem on scalar multiples (see, e.g., [SF, N] 
In particular, if T is a nilpotent contraction, T n = 0, n ≥ 2, and Θ is its characteristic function, then there exists Ω ∈ H ∞ (B (E)) such that
Therefore, it follows from the inclusion ΘΩH
Consequently, every x ∈ K Θ has the form
Then for each x ∈ (K Θ ) 1 we have
E (E can be identified with a subspace of constant functions in H 2 (E)). That is,
Thus, the numerical range W (M Θ ) of the operator M Θ is the set
Proof of the Theorem. We need only to prove the particular case of N ≤ 1, and since N N = 1, the general result will follow by repeated application of the particular case. Then it is obvious that W (N ) = W (M Θ ) and w (N ) = w (M Θ ), where M Θ is the model operator of the contraction N and Θ is its characteristic function. Now we prove that the corresponding set (4) is a circular set. In fact, by virtue of the equality (2) we have that
x (m) z m ∈ K Θ and ζ ∈ T, and therefore, for all h ∈ H 2 (E),
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Now let the point 0 = λ ∈ W (M Θ ) be realized in the element
Then, by virtue of (3), for any t ∈ [0, 2π] we have
On the other hand,
Thus
We shall prove that there exists x 0 ∈ (K Θ ) 1 such that
and so formulas (5) and (6) 
Since ker
From the convexity of numerical range it follows that W h − 2 M Θ contains the line segment 0, h − 2 λ , and [SF] , Chapter 5) if there exist unitary operators
It is well known that two completely nonunitary contractions are unitarily equivalent if and only if their characteristic functions coincide. Therefore, we can assume the function Ω and the subspaces L 1 , L 2 are such that h − cos α L1,L2 ≤ r. Then we have When k = 1, this reduces to the classical numerical range W (A) . The most fundamental property of the k-numerical range is its convexity (see [H] ). Using this property and arguments similar to those in the proof of the theorem, we can also obtain the analogous characterization for the k-numerical range W k (N ) of a nilpotent operator N ∈ B (H) , which is also contained among other general results of the paper [LT] .
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